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Abstract 

With a motivation to find a 2-d Lorentz-invariant solution of tlie AdS^ x superstring we 
continue tlie study of the Pohlmeyer-reduced form of this theory. The reduced theory is con- 
structed from currents of the superstring sigma model and is classically equivalent to it. Its 
action is that of G/H = Sp{2,2) x 5p(4)/[S'C/(2)]4 gauged WZW model deformed by an in- 
tegrable potential and coupled to fermions. This theory is UV finite and is conjectured to 
be related to the superstring theory also at the quantum level. Expanded near the trivial 
vacuum it has the same elementary excitations (8+8 massive bosonic and fermionic 2-d de- 
grees of freedom) as the AdS^ x superstring in the light-cone gauge or near plane-wave 
expansion. In contrast to the superstring case, the interaction terms in the reduced action 
are manifestly 2-d Lorentz invariant. Since the theory is integrable, its S-matrix should be 
effectively determined by the two-particle scattering. Here we explicitly compute the tree-level 
two-particle S-matrix for the elementary excitations of the reduced theory. We find that this 
S-matrix has the same index structure and group factorization properties as the superstring 
S-matrix computed in hep-th/0611169 but has simpler coefficients, depending only on the dif- 
ference of two rapidities. While the gauge-fixed form of the reduced action has only the bosonic 
[S'[/(2)]'* part of the PSU{2\2) x PSU{2\2) symmetry of the light-cone superstring spectrum as 
its manifest symmetry we conjecture that it should also have a hidden fermionic symmetry that 
effectively interchanges bosons and fermions and which should guide us towards understanding 
the relation between the two S-matrices. 
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1 Introduction 



In this paper we continue the investigation of a particular 2-d massive integrable theory which 
is the Pohlmeyer reduction of the AdS^ x superstring theory [H El El IHH] • The motivation 
is to use the 2-d Lorentz-invariant reduced theory as a starting point for a first-principles 
solution of the AdS^ x superstring. 

The original Pohlmeyer reduction [6] related the classical equations of motion of the 5*^ 
sigma model to the sine-Gordon equation. In the string-theory analog of this reduction [3 [H] 
one considers the string on Mf x S"^ in the conformal gauge, fixes the residual conformal 
diffeomorphisms by the condition t = fir and solves the Virasoro constraints in terms of 
one remaining degree of freedom, which is then interpreted as the sine-Gordon field. It is 
possible to extend this procedure to larger symmetric spaces such as S"" and AdSn and then 
further to the full superstring theory on AdS^ x (see [21 [D [ID] for details and references). 

This reduction associates to a classical string theory on a coset space F/G a classically 
equivalent "reduced" theory. In general, this reduced theory can be described as a massive 
deformation of a gauged G/H WZW model (with an integrable potential proportional to /x^), 
which is related to a non-abelian Toda-type generalization of the sine-Gordon model. The 
number of independent fields in the reduced theory is the same as the number of physical 
degrees of freedom of the original string theory (with the conformal symmetry completely 
fixed and /x playing the role of a fiducial conformal scale, i.e. an analog of in a light-cone 
gauge). In addition, one has the advantage of manifest 2-d Lorentz symmetry in the reduced 
theory, which is not usually present in a light-cone gauge fixed string theory in curved target 
space. 

This is achieved at the expense of a non-trivial transformation, essentially from coset 
coordinates to coset currents, that relates the fields of the original superstring theory to the 
fields of the reduced theory. A precise formulation of the relation between the two theories 
(beyond their classical equivalence including the correspondence between their integrable 
structures) is therefore a non-trivial open question. Since the Pohlmeyer reduction utilizes 
the classical conformal invariance, it has a chance to continue to apply at the quantum level 
only if the conformal-gauge string sigma model one starts with is UV finite. This is indeed 
the case for the AdS^ x superstring sigma model [TTj (see [121 [13] and references therein) . 
For consistency, the corresponding reduced theory [H [2] should also be UV finite, i.e. should 
have only a single "built-in" scale fi. The UV finiteness of the reduced theory was shown to 
be the case at least to the two- loop order and is expected to be true to all loop orders [1]. 
Furthermore, it was conjectured in [5] that the quantum partition functions of the string 
theory and the reduced theory should be equal and evidence for that was provided at the 
leading one-loop level. 

To gain better understanding of the reduced theory with the eventual goal of finding its 
exact solution here we will study the tree-level S-matrix for elementary excitations of this 
theory expanded near the trivial vacuum. The spectrum of elementary excitations contains 
8 bosonic and 8 fermionic 2-d degrees of freedom of the same mass fi [T] . This is the same 
spectrum as found in the choice of the light-cone gauge in the AdS^ x superstring 
theory [IH [T5j, but in contrast to the light-cone gauge fixed superstring action [THl [IZl dH] 
the interaction terms in the reduced action are 2-d Lorentz invariant. 

As a result, the tree- level two-particle S-matrix of the reduced theory that we will explicitly 
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compute below is simpler than its counterpart found directly from the superstring action [19j : 
while the two S-matrices turn out to have the same index structure, the former depends only 
on the difference of the two rapidities while the latter depends on both rapidities. 

The light-cone gauge AdS^ x 5*^ superstring S-matrix (corresponding to the spin-chain 
magnon S-matrix on the gauge theory side ^20j) plays an important role in the conjectured 
Bethe Ansatz solution for the superstring energy spectrum based on its integrability and 
implied by the AdS/CFT correspondence, see [18] for a review and further references. Its 
structure is essentially fixed (up to a phase) by the residual global PSU{2\2) x PSU{2\2) 
symmetry of light-cone gauge Hamiltonian [211 1221 [HjQ However, lack of 2-d Lorentz sym- 
metry leads to complicated structure of the corresponding thermodynamic Bethe Ansatz for 
the full quantum superstring spectrum (see, e.g., [231123] and references therein). 

The solution of the reduced theory is expected to have a simpler form. Making a natural 
assumption that the classical integrability of the reduced theory extends to the quantum 
level, its solution should be determined, as in other similar [251 [201 EZ] 2-d integrable massive 
QFT examples [2Sl[2Sl[Sni[SIl[321[S31[Sl[S51[M],byan exact Lorentz-invariant S-matrix. 



Let us briefly recall the structure of the reduced theory action for the AdS^, x superstring 
(see [HH] for details). The starting point is the set of first-order equations of motion of the 
AdS^ X superstring |371 [381 139] in the conformal gauge written in terms of the currents 
for the supercoset 

F PSUi2,2\A) 

G Sp{2, 2) X Sp{4) ■ ^ ' ' 

One can solve the Virasoro conditions by choosing a particular constant matrix T from the 
bosonic part of the coset algebra and introducing a new set of variables, i.e. fields of the 
reduced theory, which are algebraically related to the supercoset currents. Gauge-fixing the 
fv-symmetry, one can derive the remaining independent equations of motion from a local 
action - the reduced theory action. The latter happens to be the action of a gauged WZW 
model for 

G ^ Sp{2,2) Spji) 

H SU{2) X SU{2) SU{2) x SU{2) ' ^ ' ' 

supplemented with an integrable bosonic potential and fermionic terms. The action of the 
gauge group H = [SU{2)]^ commutes with the matrix T so that the T-dependent potential 
is also gauge invariant. Explicitly, the reduced theory action is given bjH 



S = k STi 



d'x i g-'d+g g-'d^g - d^x \ e™"' g-^d^g g-^d^g g-'d^g 



+ J d^x {A+d^gg-' - A_g-^d+g - g~^A+gA_ + A+A„ + g-'TgT) 
+ j d^x [ip^TD+i)^ + ^^TD.ipj^ + /i Vi^^fl) 



1.3) 



The fields in (11. 3p may be represented by 8 x 8 supermatrices in the fundamental represen- 
tation of P5'f/(2,2|4) (with diagonal 4x4 blocks being bosonic and the off-diagonal 4x4 



^The tree- level superstring S-matrix was shown to agree [19'i'22' with a suitable limit of the full S-matrix. 

^As discussed in ^4^, it is natural to assume that the overall constant k here is proportional to the 
superstring tension, . The reason is that the bosonic and the fermionic potential terms in this action are 
directly related to the bosonic and the fermionic current terms in the superstring action. This identification 
would make sense at the quantum level provided that k is not actually quantized in the present case. 



4 



blocks being fermionic) . g takes values in G = 5*^(2, 2) x 5*^(4) and A± in the algebra f) 
of H = [SU{2)]'^. The fermionic fields ip^^ip^ originate from particular components of the 
fermionic psu(2, 2|4) superstring currents. 

In this paper we shall present the reduced-theory counterpart of the computation of the 
leading term in the light-cone superstring S-matrix done in |T9] : we shall expand the action 
(11. 3p around the trivial vacuum (? = 1, A± = 0, = ip^^ = and find the tree-level two- 
particle scattering amplitude for the corresponding 8-f-8 massive elementary excitations. To 
obtain the effective quartic Lagrangian that determines this amplitude we shall choose the 
"light-cone" gauge = (which preserves the Lorentz symmetry in 2-d), set g = and 
expand in powers of r]. Splitting i] = X + ^, where X is from the coset part of sp(2, 2) ©sp(4) 
and ^ is from the algebra of if, and solving the constraint that follows from integrating out A- 
we will end up with the following equivalent Lorentz-invariant Lagrangian for the remaining 



The tree- level two-particle S-matrix then follows directly from the quartic terms in (II. 4p . The 
classical integrability pj of the reduced theory (II. 3p implies that the full tree-level S-matrix 
for the elementary excitations is determined by the two-particle S-matrix using factorization. 

We shall compare the reduced-theory S-matrix following from (11.41) to the light-cone su- 
perstring one found in [TH]. The two S-matrices represent the scattering of equivalent sets 
of degrees of freedom and turn out to have the same index structure but different kinematic 
coefficients. One important outstanding question is if they are actually related, e.g., by a 
momentum- dependent non-Lorentz invariant transformation. 

To find the exact solution of the reduced theory one is to prove its quantum integrability 
and determine the exact quantum mass spectrum and the exact non-perturbative S-matrix. 
While the form of the dispersion relation in the light-cone superstring S-matrix is dictated 
by the centrally extended p5u(2|2) © psu(2|2) global symmetry algebra of the light-cone 
Hamiltonian pT| HOI [IB] it remains to be understood if the exact mass spectrum of 
the reduced theory is also effectively controlled by symmetries, e.g., by a hidden fermionic 
(super)symmetry, or if one needs to resort to a study of the (semiclassical) solitonic spectrum 
as in [1111121113]. 

Motivated by analogy with similar models in [27[ IST]. H3] , the hope for solving a theory 
like (11.31) is based on the possibility of using methods of deformed coset CFT, i.e. on the 
expectation that implications of conformal symmetry should survive the /i-deformation and 
allow one to find the exact S-matrix. Indeed, the bosonic part of the reduced theory action 

^Here T = |diag(l, 1, —1, —1, 1, 1, —1, —1) is a constant matrix. 





(1.4) 
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(11. 3p is a special case of a class of massive integrable deformations of the gWZW model, gen- 
eralized symmetric space sine-Gordon models or generalized non-abelian Toda-type models 
[H], considered in [9[[27j (see [35] for a review and references). Since the full fermionic model 
(II. Sp is UV finite P], we may expect some important simplifications compared to the purely 
bosonic casesEI It is likely to be possible to prove quantum integrability by identifying (as, 
e.g., in a higher spin conserved current and using the bootstrap method to determine 
the exact S-matrix. 

The structure of the rest of this paper is as follows. We shall start in section 2 with an 
analysis of the massive integrable deformation of the G/H gauged WZW model represented 
by the bosonic part of (II. 3p . We shall choose the ^4+ = gauge, derive the bosonic part of 
the quartic Lagrangian (II. 4p and demonstrate its classical integrability. 

In section 2.4 we shall compute the corresponding two-particle S-matrix and then in sec- 
tion 2.5 consider two special cases G/H = SO{N)/SO{N - 1) and G/H = SO{N - 
1, 1)/S0{N — 1) representing the reduced theories for strings on x and AdS^ x 
respectively. 

In section 2.6 we shall discuss a generalization of the bosonic part of (11.31) to an asym- 
metrically gauged case |171 [271 SH] as the reduction procedure does not, in general, select a 
particular gauging of the WZW model [1]. We shall show that the corresponding tree-level 
S-matrix for elementary excitations does not, in fact, depend on a particular choice of the 
r-automorphism defining the asymmetric gauging. This will be illustrated on the example 
of the complex sine-Gordon model and its T-dual. 

In section 3 we shall turn to the complete reduced theory (11.31) for the AdS^ x superstring 
including the fermionic terms. Fixing the A^ = gauge and integrating out A_ we will get a 
non-local effective Lagrangian for the physical components X, ip^^ , but we will show that 
there is an equivalent local Lagrangian (ll.4p that leads to the same S-matrix. In section 
3.4 we shall consider the special cases of the reduced Lagrangians for the AdS2 x 5*^ and 
AdS^ X superstring models and show that they agree with the corresponding special cases 
of ([H. 

In section 4 shall we compute the tree-level two-particle S-matrix for the complete reduced 
theory following from the Lagrangian (11.40 . The reduced theory S-matrix turns out to be of 
the same group- factorizable form as in the superstring case [19], which suggests that there 
may be a direct relation between the two S-matrices. 

In section 5 we shall make some concluding remarks and discuss open problems. 

Appendix A contains some details of simplification of the gauge-fixed actions. In Appendix 
B we list the generators of the relevant parts of the psu (2, 2 |4) algebra. In Appendix C we 
give explicit form of the T-matrix of the reduced theory found in section 4. In Appendix D 
we consider the tree-level two-particle S-matrix of a (non-integrable) massive deformation of 
the bosonic geometric G/H coset model and compare it to the S-matrix of the deformation 
of the gauged WZW model discussed in section 2. 

^Sorne lessons may be drawn from analogy with the UV finite (2, 2) supersymmetric sine-Gordon model 
[15] which happens to be equivalent to the reduced theory for the AdS2 x superstring Jj. However, the 
sine-Gordon model has topological solitons and lacks the important feature of non-trivial sigma model metric 
in the kinetic part of the action that is characteristic to higher-dimensional models like the one associated 
to AdSa X or ^^5*5 x S^. 
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2 Tree-level perturbative S-matrix of bosonic 

gauged WZW model with an integrable potential 



Before turning to the superstring case we shall start by considering a bosonic G/H gauged 
WZW model with an integrable potential that appears P [H [10] in the Pohlmeyer reduction 
of the geometrical F/G coset sigma modelH or, equivalently, is associated to a string in the 
conformal gauge moving on x F/G space. To carry out the reduction one writes the 
equations of motion for the F/G model in the first-order form, i.e. in terms of currents, 
and then solves the Virasoro conditions by introducing a scale /i, via t = fir, a new field 
g & G and a constant matrix T in the coset part p = f g of the algebra f of F. H is then 
the subgroup of G whose algebra commutes with T and the resulting classically equivalent 
integrable theory is described by a G/H gWZW model with a potential determined by T, 
i.e. by the bosonic part of (11. 3p . The fields of the reduced theory are related to the currents 
of the original F/G coset model pj. Examples of such theories have been discussed, e.g., in 

The excitations around the trivial (7 = 1 vacuum of this theory are massive (with mass /x) 
and below we shall compute the corresponding tree-level two-particle S-matrix. Since the 
theory is classically integrable, this then determines the full tree-level S-matrix for elementary 
excitations via factorization. 

2.1 Setup and notation 

Since we shall view the G/H gWZW model as a reduced theory for the F/G coset model 
it is natural to think of G as being embedded into a group F. Thus we shall consider the 
three groups F D G D H , where F/G and G/H are both symmetric coset spaces. The coset 
part of the algebra of F will be denoted as p, i.e. f = S © p. We shall denote the maximal 
abehan subalgebra of p as a and define n as the orthogonal complement of a in p, i.e. 

f = 0©p, p = a©n. (2.1) 

We will assume that a is one-dimensional and denote its non-trivial element as T. Then H is 
defined as the subgroup of G whose algebra () is the centralizer of T in g, i.e. [T, e] = 0, e G f). 
Then 

= m © [) , [o, a] = , [o, f^] = , [m, m] C f) , [m, [)] C m , [f), f)] C f) . (2.2) 

We shall also assume the following commutation relations which are all consistent with F/ G 
being a symmetric space, 

[a, n] C m, [o, m] C n, [n, n] C [) , [n, m] C a, [n, f)] C n. (2.3) 

We shall consider all the fields as matrices with indices in the fundamental representation 
of f or F. The corresponding orthonormal basis of generators of f is (|f| = dimf, rju = 
diag(±l,...±l)) 

[Tj,Tj]=fj/TK , TTiTjTj)=rjjj, J, J = 0, . . . , |f| - 1 . (2.4) 

^The action of the latter is 5 = -ifc/ d^x Tr[(/-ia+/ + A+)if-'^d-f + A-)], where f e F, Ae Q = 
alg(G). 
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We will use rju to raise and lower indices. Then fjj^ is totally antisymmetric. Explicitly, 
the basis can be labelled as follows: 

• To = rioT: the generator of a (|a| = 1) 

• Ta'. basis of m (a = 1, . . . , |m|) 

• Tj! basis of t) (i = |m| + 1, . . . , Ifll) 

• Ta: basis of n (a = |g| + 1, . . . , |f| — 1) 

In this section for simplicity we will work with the assumption that F is compact (and 
thus so are G and H), but generalization to a non-compact case will be straightforward. 
Compactness implies that rju = —6ij. Then Tr(TQ^) = — 1 and thus no is a normalization 
constant entering the expression for Tr(T^) 

Tr(T2) = 2 . (2.5) 

Also, for the basis of the G/H part of the algebra m we have 

TT{Tan)=7]at = -Sab. (2.6) 

We shall assume that for m G m 

Tr ([m, Tf) = Tr (m^) , i.e. n^'fJUoa = Sab • (2.7) 

This condition implies that the spectrum of elementary excitations in the action like (11.31) 
will be massive with the parameter fi being the mass scale. We shall use also the following 
identity (below m = rrf-Ta G m) 

Tr([m, [m, T]]^) = —n^'^fg^^f^^^f^Qf^^m'^m'^mf'm'^ = —n^m"'marn}'mb . (2-8) 

For a non-compact group G, with H being its maximal compact subgroup, the sign of 5ah 
in (12.61) and the overall sign in the action (12.91) below should be reversed. This prescription 
is consistent with the use of the supertrace STr in (II. 3p and ensures that the propagating 
degrees of freedom enter the action with physical signs. In the non-compact case we will 
still demand (12.71) . but if Tr(TQ) will change sign one will need to reverse the sign in (12.81) 
as well. 

2.2 Expansion of action near g = 1 vacuum 

Our starting point is thus the (symmetrically) gauged G/H WZW model with an integrable 
potential 

S'r = — A; Tr 



j d'x \ {g-'d+g g-'d^g) - J d'x |e-"' {g-'d^gg-'d„.gg-'dig) 
^ / (A^B.,,-^ - A^,-^3., - ,~^A.,A^ . A^A^ + ^ T^T) ] . (2.9) 

where g E G, A± G f) and T is a constant matrix such that [T, H] = 0. The action is 
invariant under the following gauge transformations 

g^h-^gh, A± ^ h'^ A^h + h'^ d±h , h = h{x) e H . (2.10) 
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The corresponding equations of motion imply 



0, 



(2.11) 



that is the connection A is flat, thus it can be gauged away on-shell. The remaining equations 
of motion for g are then those of a non-abelian Toda model [lU [H] 



^-{g~^^+g)=^^^[T, g-^Tg], 
{g-'d+g)^ = 0, {d^gg~^)^ = 0, 

with (yf = 1 is a trivial vacuum point. 

To study the scattering of elementary excitations around this vacuum we shall set 



(2.12) 
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V e 



(2.13) 



where rj ^ h ^rjh under the gauge transformations fl2.10p . 
Expanding the action (12. 9p in powers of t] we get^l 



k d X C 



(2.14) 



n=l 



= -Tr 
or explicitly, 



^ (n + iy. 

n=l 

e^" — 1 



D+r^ £^-1 {D_v) - /i^i:^ (T) (T)) 



A _ ^2^^ 1 ^^^^ 



/:« = -Tr([D+, D_]r/) 



£(2) = -Tr 
£(3) = _Tr 



i^+r^D^ry - ^i:^ (T) i:^ (T) 



^D+VS., (D_r^)-^£, (r)£2 (T) 



£(4). 



lD+ryi:;(D_ry)-^£,(T)£^(T) 



-Tr 



(2.15) 
(2.16) 

(2.17) 

(2.18) 
(2.19) 



This expansion is manifestly gauge-invariant, e.g., invariant under the infinitesimal gauge 
transformations 

5v=[v,e], 6A± = D±e, e(x) G 1) . (2.20) 

To compute the two-particle tree-level S-matrix we will not need terms more than quartic 
in fields. 

Next, let us decompose the fluctuation field r] into a coset ("physical") and a subgroup 
("gauge") parts according to (12. 2p . i.e. 



X em, e G [) 



(2.21) 



^The expansion of the WZ term in the action can be determined from the condition of gauge invariance. 
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Then £^ (T) = (T) = [X, T], etc. The quadratic part of the Lagrangian (I2.16p . which 
should determine the asymptotic scattering states, then takes the form 

£(2) = _Tr - ^X' + ^d+Cd^^ + - • (2.22) 

The corresponding equations of motion (cf. (12. lip . (12. 121) ) 

d+d-X + fi^X = 0, ^ ^ 

2.23 

d+d-^ + d-A+ - d+A^ = , a_^ = 9+^ = 0. ^ ^ 

imply that only X represents propagating degrees of freedom^ The apparent massless and 
ghost modes in the ^, A+, A^ part of (I2.22p are not physical states of the theory. 

2.3 = gauge and action for physical degrees of freedom 

To compute the S-matrix for physical excitations (in the G/H coset directions) one needs 
to fix the H gauge symmetry in (12.140 . The final result for the S-matrix should be of course 
gauge- independent. One apparently obvious choice is to fix a gauge on g and then integrate 
out A± which enter the action only algebraically. However, the resulting action for g then 
happens to be singular when expanded near g = 1 [Ijjfl This singularity, however, is a gauge 
artifact (it is absent, in particular, at the level of equations of motion where one can gauge 
fix A± to zero). 

To get a regular expansion near g = 1 on should choose a gauge on A±. A very natural 
choice is the "light-cone" gauge, A+ = 0. In addition to being ghost-free (the ghost deter- 
minant is field- independent), in 2 dimensions it also preserves the Lorentz invariance of the 
gauge-fixed action found by setting A^ = in (12. 151) - (12. 181) . The quadratic Lagrangian is 
given by (I2.22p with A^ = 0. After using integration by parts and the cyclicity of the trace 
the cubic and the quartic terms take the following gauge-fixed form 

4^}. = -Tr + i^+eie, + ([X, d+X] + [e, 9+e]) ) , (2.24) 



(2.25) 



41 = -Tr( - ^[X, d^X][X, d.X] + ^[X, [X, T]f 



We will not need ^-dependent terms in (I2.25P to determine the tree-level two-particle S- 
matrix for the physical states X. 

To explicitly decouple the unphysical degrees of freedom we may integrate out A_ and 
then solve the resulting delta- function constraint expressing ^ in terms of xj^ Integrating 



''This agrees of course with the general counting of degrees of freedom. We started off with a Lagrangian 
containing dimG + 2dinii/ fields g,A^,A^. The off-shell gauge freedom and the two on-shell constraints 
arising from varying the action with respect to A± remove 3 x dim H degrees of freedom. This then leaves 
us with dim G — dim H = dim m degrees of freedom. 

^Indeed, trying to integrate out A± in (|2.14p would lead to inverse powers of rj. The reason for this is 
clear from (|2.9p : if we set g — 1, the terms quadratic in A± vanish. 

^An alternative approach (similar to the one in the standard covariant gauge choice) would be to replace 
A^ by d-b and to treat b,£,,X as a new set of fields with only X representing asymptotic states. The 
resulting propagator for (6, ^) will have a ghost direction but that should not affect the unitarity of the final 
S-matrix for X (cf. Lorentz gauge choice). 
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over A_ in the sum of ([223), (EMD gives {g'^d+g)^ = 0, i.e. 



- llX, d+X] - + ... = , (2.26) 

where dots stands for higher order terms. Solving for ^ we find 

^ = lj^[X,d^X] + 0{X'). (2.27) 

The lowest order is quadratic in X, which means that to find the two-particle S-matrix for 
X we do not need to consider any higher order terms in fl2.27p F°l 

The resulting effective Lagrangian for the physical degrees of freedom X takes the form 
Cx = + 0{X^) where 

Ux = - Tr Q9+X5_X - ^X^ + 1[X, ([X, 9+X]) 

+ J[a_X, 9+X]i-[X, 9+X] (2.28) 

-^[^, + ^[X, [X, T\\^ . 

The first line in the above expression comes from fl2.22p . the middle line from fl2.24p . and 
the third line from (12.251) . Using integration by parts (see Appendix A) eq. (l2.28p can be 
transformed into the following local Lagrangian 

Ux = - Tr(i5+Xc?_X - ^X' + ^[X, 9+X][X, d.X] + ^[X, [X, r]]^) . (2.29) 

In general, higher-order X^, etc. terms in the Lagrangian (12.281) may contain non-local 
factors ^ (familiar from light-cone gauge fixed gauge theory in 4-d)lHl but we expectEl 
that, as happened at quartic order, they should effectively disappear (possibly after a field 
redefinition) and the end result should be a local Lagrangian for X only. 

Let us now make two remarks. First, let us comment on the residual global symmetry of 
the resulting Lagrangian for X. As follows from fl2.20p and (12. 2p . splitting rj = X + ^ leads to 
the gauge transformations 6X = [X, e], SC, = e]. Since the residual gauge transformations 
that preserve the condition = are parametrized by e = e{x~) G f) it then follows that 
the effective Lagrangian for X obtained by integrating out A_ and ^ should be invariant 
under SX = [X, e], i.e. should have at least global H invariance 

X h-^Xh , h = const G H . (2.30) 

The corresponding S-matrix should then also have global H symmetry. 

-'^"This is also the reason why we do not need to consider the terms neglected in (|2.25p and can ignore the 
term of the form O {f) in fjT^ . 

^^As in 4-d gauge theory such factors should not cause problems with unitarity: the original theory we 
started with is unitary for an appropriate choice of G and H. 

^^An indication that a local action for the coset degrees of freedom should exist is that in the case where 
the H gauge symmetry is fixed by a gauge on g and A± are integrated out one gets a local (but degenerate 
when expanded near g = 1) action. 
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The second comment is about integrabihty of the action for X. The theory (12.91) we 
started with is integrable, i.e. its equations of motion follow from a flatness condition of the 
Lax connection (here z is a spectral parameter) 



LU 



(2.31) 



The theory for the physical excitations X obtained by eliminating the gauge degrees of 
freedom should then also to be integrable. Indeed, one can check that the equations of 
motion for X following from (I2.29p ^ 



d+d^X = -fi'X + lid+x, [X, d^X]] + lid^x, [X, d+X]] 

+ ^[r, [X, [X, [X, T]]]] + oix'), 

can be obtained from the flatness condition of the following Lax connection 

ujj, = dx+ (S+X - i [X, d+X] - ^ [X, [X, a+X]] + z/it) + dx- [X, d^X] 



(2.32) 



Z yU 



T - [X, T] + 1[X, [X, T]] - i[X, [X, [X, T]]]]) + O(X^) . (2.33) 



The all-order completion of the Lagrangian fl2.29p should again admit a Lax connection. 
The integrabihty should then imply factorization of the tree-level S-matrix for X, i.e. this 
S-matrix should be essentially determined by the two-particle scattering amplitude following 
from the simple quartic Lagrangian fl2.29p . 



2.4 Tree-level two-particle S-matrix 

Expanding the matrix field X in the basis of generators {Tq} of the coset part of the algebra 
of G and rescaling it by the overall coefficient k (the expansion parameter) in the action 

X = -^XX, (2.34) 

we can write the quartic Lagrangian corresponding to (12.291) . C'^^x = kC^x^ in component 
form 

4^ = -l5+X,9_X'^ + ^X,X'^ + ^7,,edX'^X=9+X*9_X'^ + ^7o/i'X'^X„X%. (2.35) 

Here we used the relations (12. 40 - 02. 8p from section 12. jj*^ and defined the coupling constants 

lahcd = -fabfcdi , 7o = nl . (2.36) 

Since there are no cubic terms in the Lagrangian there is only a single relevant tree-level 
Feynman diagram (Fig.l). Using the operator approach, the usual expansion of the S-matrix 

-'^^Here we have solved perturbatively for d+d-^X and used the Jacobi identity [[X, T], [X, [X, T]]] = 
-[[T, [X, [X, T]]], X] - [[[X, [X, T]], X], T] where the first term on the right hand side vanishes. From 
(|2.2p . (|2.3p it follows that [X, [X, T]] E a and thus the commutator of two such matrices should vanish as a 
is abelian. 

^^Note that according to the definitions in section [TT] the indicies a, b, c, d should be raised and lowered 
with rjab = —Sab- Thus the kinetic term in this Lagrangian has the correct sign. 
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Figure 1: Scattering diagram 



may be written as 



1 + -T, 
k 



T 



c/rV(r) + ..., V(r) 



da C 



int 1 



which gives the following expression for the leading term in the T-matrix 
where X" are now free-theory operators 



,hcd : X-X'^d+X'd^X'' : +-^,^XbScd : X^X'X'X^ : 



X'^ix) 



y 27r ^ P 



We use the following notation 



X 



r, cr 



P 



a; 



-(r ±(t) 



(27r)5°*(5(p-p') 



p± = e ± p , 



(2.37) 

(2.38) 

(2.39) 
(2.40) 

(2.41) 



so that p ■ X = p+x^ + p-X . We denote the on-shell energy by ep and the rapidity by 6: 



fi cosh 9 



p = fi sinh ^ . 



P± = Ate 



(2.42) 



We proceed by substituting fl2.39p into fl2.38p . As we are interested only in the action of 
T on two-particle states we just consider the six terms that have two creation and two 
annihilation operators. Integrating over x we end up with a factor S^^\qi + 02 — qs — Qi) = 
S{eq-^ + — — eq^)6{qi + q2 — ~ ^a)- These two (5-functions can then be used to do 
the integral over the momenta ga and ^4, as the arguments of the 5-functions only vanish 
when either qi = % and (f2 = ^ , or gi = ^2 and q2 = q?,- We also pick up a Jacobian factor 
I "'^"'^ I . This leads to 

T = 



dqidq2 



(27r)2 4|e,,g2 - qie 



^92 I 



(^7a6e/(2/i^ - qi+q2- - q2+qi- 



+ ^7aefe/(-4gi+g2-) + ^7a/be(-2/i^ - qi+q2~ " 92+^1-) 
/ jj!^ jjj^ jj,^ \ 



(2.43) 
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The action of T on two-particle states 

\X%Pr)X\p,)) = |0) (2-44) 

gives coefficient functions T^j^^) 

T \X%p,)X\p2)) = T:t{"&) \X\p,)X\p^)) . (2.45) 

As usual in a 2-d Lorentz invariant theory, T^^ should depend on the difference of the two 
rapidities 

1^1-^21, Pi± = f^e^'\ P2± = f^e^''. (2.46) 

Using that 

«« \X^{Pi)X'ip2)) 

= {27rf ./^.(d^^d'^fdiq, - p,)S{q2 - P2) + S^^S'^^Siq, - p,)5{q2 - pOjaJaJt |0) , 
we end up with 



d c 
b 



(2.47) 

-(7„.'=' + 2 7A' + 7aV)cosh^ . 



The same result is found by using the Feynman rules, i.e. the LSZ reduction of the four- 
point vertex function in fl2.29p . The vertex function corresponding to the diagram in Figure 
1 with all the momenta qi flowing in is 

Vabcd = (labcd q2+qi- + ^ToyU^^ab^cd) + pcrmutatious , (2.48) 

were there are 23 permutations of {(a, gi), (6, ^2), (c, ga), (rf, ^4)} other than the identity. 
Using that all of the legs are on-shell, i.e. qi± = —q3± = /xe^^^ , q2± = —q4± = iie^^^ we 
again find (I2.47p , with 



2.5 Examples: SO{N)/SO{N - 1) and SO(N - 1, l)/SO(N - 1) 

Let us now consider two specific examples, where G/H = SO{N)/ SO{N — 1) and G/H = 
SO{N — 1, 1)/S0{N — 1). The corresponding actions fl2.9p describe Pohlmeyer reduced 
theories corresponding to string theory on x and AdS^ x respectively; the N = 5 
case is thus relevant for the AdS^ x superstring [1]. Below we shall find the explicit 
expressions for the coefficients T^^i^) (I2.49p . fl2.47p . 



G/H = SO(N)/SO(N- 1) 



Here F = SO{N + 1), G = SO{N), H = SO{N - 1) (cf. section 2.1). The standard 
normalised basis for f = so{N + 1) in terms of (A^ + 1) x (A^ + 1) matrices is 

Tl = {fa/3 , a < P} , {fal3)uv = {SauS^v " 5a«^/3n) , (2.50) 
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where a, P, . . . , u, v, . . . = 1, . . . , + 1. As in [£, Jj we may choose g to be formed by 
(A^ + 1) X (A^ + 1) matrices with non-trivial lower right N x N corner and () formed by 
matrices with non-trivial lower right (A^ — 1) x (A^ — 1) corner. This corresponds to choosing 
the basic matrix T as 

/ 1 



T = V2ff 



01 



4 









0\ 






(2.51) 



\ ... oy 

Then riQ = in fl2.5l) and the condition (12. 7p is satisfied. An orthonormal basis of m is 

given by = T2^a+2, where a = 1, . . . , A^ — 1. The coupling constants defined in (12.361) are 
found to be ^ 

Using (12.471) we see that T^^ in (12.471) here simplifies to 

1 



70=2 • 



8 sinh - 



{6abS"'-6X) cosh^9 



(2.52) 



(2.53) 



When N = 2 the subgroup H is trivial and in this case the action (12. 9p reduces to that of 
the sine-Gordon model [H]. In this case the G/H coset is one dimensional and thus (12.531) 
becomes 



1 



8 sinh 



(2.54) 



which agrees with the two-particle tree-level amplitude for scattering of elementary excita- 
tions around trivial vacuum of the sine-Gordon model. 

For A^ = 3 the symmetrically gauged model (12. 9p is related to the complex sine-Gordon 
(CsG) model: fixing the H = 50(2) gauge on g and integrating out A± we end up with a 
model that is equivalent to the CsG model by 2-d duality. The above procedure based on the 
= gauge leads to the S- matrix (I2.53p . The latter is also the same as the two-particle 
tree-level scattering amplitude for elementary excitations in CsG model. The reason for this 
relation has to do with the existence of several possible H gaugings of the WZW model and 
will be discussed further in section I 



G/H = SO(N - 1, l)/SO(N - 1) 



Here F = SO{N - 1, 2), G = SO{N - 1, 1), H = SO{N - 1). As here G is non-compact 
and H is its maximal compact subgroup, as discussed in section [TT] the sign in the relations 
in (12.50 . (12.61) . etc. (i.e. the sign of the trace) should then be reversed. The basis for 
f = so(A^ — 1, 2) can be chosen as 

Tj = {f^p , a<P}, {f^p)l = {5lf,p, - fj^J^^) , (2.55) 

where fj = diag (— 1,-1,1, 1,...,1). Using the same embedding of q and f) into f as in the 
previous example, the choice of T is then the same as in (I2.5ip . 
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An orthonormal basis of the coset part of the algebra, m, is given by = T2^a+2i where 
a = l, ...,A^ — 1. As the basis for f) is the same as in the previous example it is clear that 
changing the sign of the trace gives 



'^abcd 



bd 



7o 



1 

2 ' "2 

instead of (12.521) . Using fl2.47p we see that here T^^ simplifies to 

1 



8 sinh 

This differs from (12.531) only by the overall sign 



{SabS 



(2.56) 



(2.57) 



2.6 Asymmetrically gauged WZW model with an integrable po- 
tential 



The action (12. 9p we discussed above corresponds to the symmetrically gauged WZW model, 
but there is a more general class of models with an asymmetrical gauging of H . Asym- 
metrical gauging [ITJ SB] uses an anomaly-free automorphism r of the algebra f) (in the 
symmetrically gauged case r = 1)0 As discussed in [H El [IDl IS] , an asymmetrically gauged 
analog of the G/H gWZW action in (12. 9p may also be considered as a Pohlmeyer reduction 
of the F/ G coset model. 

As we shall see below, the choice of the r-automorphism does not actually affect the 
perturbative S-matrix of the corresponding theory, i.e. all the different anomaly-free gaugings 
of the WZW model with a potential have the same perturbative S-matrix. A way to see this 
is by observing that all dependence on r in the action drops out in the ^4+ = gauge, so 
that the spectrum of excitations near the g = ^ vacuum and the corresponding S-matrix do 
not depend on r. 

The action of the asymmetrically gauged model is obtained from (12.91) by replacing the 
Aj^A- term by r(A_|_)A_, i.e. by replacing the A± dependent terms in (12.91) by 



Sa.n. 



k d X Ti 



A+d.gg '-A.g 'd+g - g 'A+gA_+riA+)A 



(2.58) 



The full action is then invariant under the following gauge transformations 

g^h-^gT{h), A+ ^ h-^A+h + h-^d+h, A_ ^ T{h)-^A_f{h) + f{h)-^d^T{h) , (2.59) 

where f is the lift of the automorphism r from the algebra i) to the group H. 
The analog of the quadratic Lagrangian before gauge-fixing (I2.22p is 



^^d+Xd.X-^X^ + ^d+^d.^ + A+d.^-A.d+^-A+A_ + T{A^)A^ , (2.60) 



£(2) = _Tr 

leading to the following linearised equations of motion 



d+d-X + fi^X = , 
d-^-A^+r-\A^ 



d+d^^ + d-A+ - d+A^ = 0, 
, d+^ + A+- t{A+) = . 



(2.61) 
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Anomaly freedom is equivalent to Tr(T(a)r(&)) = Tr(a6), for all a, 6 e (). 
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It is easy to see that it is possible again to set A± = by combining the equations of motion 
and the gauge freedom0 Once A± = 0, it follows from (12.611) that ^ is non-propagating, i.e. 
the physical asymptotic states are again those of the coset components X. 

Fixing the = (or A^ = 0) gauge in the asymmetrically gauged action containing 
(12.581) we observe that the dependence on the choice of r-automorphism disappears so we 
should end up with the same (gauge-independent) S-matrix as in the symmetrically gauged 
case discussed above. 

To give an explicit example, let us consider the case with G/H = S0{3)/ S0(2) embedded 
into F = SO {4) (cf. section [53]) . Fixing the if-gauge on as in |Jj we may parametrize it 
in terms of two coset coordinates wrl 

g = e^n^2^Ti^uTi^ T'^ = ^Tj, (2.62) 

where Ti is one of two coset generators and T3 is a generator of [) = so (2) [Tj are defined as 
in (12.501) ). Starting with the symmetrically gauged action (12. 9p and integrating out A± we 
get 

^csg = '^{d+ipd^ip + cot^ if d^ud^u + — cos 2ip) . (2.63) 

The expansion of this Lagrangian near the trivial vacuum g = 1, i.e. (p = u = Q is 
obviously singular^ For an abelian H the non-trivial choice of the r-automorphism is 
r(P)) = —1), f{h) = leading to the "axially" gauged theory. Starting from (12. 9p with 
Aj^A- replaced according to (I2.58P by — y4_|_y4_, choosing the condition on g (now fixing the 
axial gauge symmetry g — > h~^gh~^) as 

g = e-ne^^^e^n , (2.64) 
and integrating out A± we then get, instead of (I2.63p . the complex sine-Gordon model 

Ccsg = 4:(^d+ipd-ip + tan^ Lp d+ud^u + — cos 2(^9) . (2.65) 

This Lagrangian has a regular expansion near ip = u = 0, i.e. in the asymmetrically gauged 
case the choice of the gauge (12.621) is non-singular for the purpose of computing the S-matrix. 

One can check directly that the resulting S-matrix for (I2.65P is the same as found above 
in the ^4+ = gauge in the symmetrically gauged case, in agreement with the gauge- 
independence of the S-matrix and the above observation that the S-matrix in the ^4+ = 
gauge should not depend on a choice of the r-automorphism. Indeed, expanding (I2.65P and 
introducing the two "cartesian" coordinates Za with the standard normalization of the kinetic 
term via zi + iz2 = 2^2(^6^" we get (cf. ([235]), (ESI )0 

Ccsg = ]^d^Zad^Z--^Z,Z- + h^5aAd-5ad5bc)z''z^d+z'd.z''+^ZaZ''z,z'^ . (2.66) 



-'^^For example, we may start by fixing the — gauge. The residual gauge freedom (with parameter 
e(a;~)) can be fixed by demanding that (A_ — 9_^)(0, x^) — 0. From the second equation we then have that 
d+ (9_^ — A_) = 0, which implies A_ =9-^ for all x^. The third equation then implies that t~^{A^) = 
^ A_ = 0. 

This is effectively a gauge choice on ry in (j2.2ip relating X and ^. 
"'^^The singularity in the second term is due to the degeneration of —g^^A+gA^ + A-^-A^ term in (|2.9p 
near g = 1- 

One may start of course directly from the well-known alternative parametrization of (j2.65p = 
2V2sin (^e™ = z + 0{z^) where Ccsg = 3 ^^^^^^^^^Jrjlp^ - ■ The quartic expansion of this La- 

grangian is related to (|2.66p by a local field redefinition that does not affect the S-matrix. 
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This Lagrangian then leads to the same tree-level two-particle S-matrix (12.531) as the sym- 
metrically gauged S0{3)/ S0{2) model. 

Let us note that in the case when H is abelian the sigma models obtained by integrating 
out A± in the symmetric and asymmetric gauged actions are related by the T-duality (or 
the scalar-scalar 2-d duality). This is evident, e.g., from comparing fl2.63p and (12.651) (see 
also ^[ H]). This duality, in general, may map fluctuations near a trivial vacuum of one 
model into fluctuations near a non-trivial background of its dual. 

The perturbative S-matrix of the complex sine-Gordon model was discussed in and its 
exact non-perturbative (solitonic) generalisation in [JT]. In particular, this theory contains 
non-topological solitons whose small-charge limits are the elementary excitations near the 
trivial vacuum we discussed above. Therefore, an appropriate limit of the full CsG S-matrix 
should agree with (12.531) for = 3. Note that this case is different from the sine-Gordon 
model where the solitons are topological, i.e. they interpolate between different vacua and 
thus do not reduce to elementary excitations in any limit @ 



3 Expansion of action of reduced form of 
AdS^ X superstring model 

Let us now turn to the fermionic extension (11.31) of the gWZW model with integrable poten- 
tial (12. 9p arising from the Pohlmeyer reduction of the AdS^ x 5*^ superstring sigma model 
[H 12]. The fields in this action are related to the currents of the superstring sigma model 
based on the supercoset g^(f^|x'gp(4) • shall use a particular matrix representation for 
these fields - the same as in [H HI |5] . We shall start with recalling the basic definitions and 
notation and then work out the expansion of the action in components, generalizing (12.351) 
to include the fermionic terms in (II. 4p . 



3.1 Setup and notation 

The bosonic part of the supercoset ^ = g^(f^)x'gp(4) S ~ '5p(2'2)xSp(4? • '^^^ Pohlmeyer 
reduction of the bosonic part produces the direct sum of the two models of the type discussed 
in section [2l 



G, 



-^(1) — ouyz,,z,) , „ — su{2)xSU{2) 



gJ:' (3.1) 



-f(2) — ouy^) , ^^^^ — su{2)xSU{2) ■ 

The fields of these two models can be described together as 4 x 4 blocks of 8 x 8 matrices in 
the fundamental representation of F = PSU{2, 2|4) (see IHIHE] for details). Schematically, 
/ G PSU{2,2\4) is represented by 



SU{2,2) Gr assmann 
Grassmann SU (4) 



(3.2) 



The corresponding algebra f = psu (2, 2 |4) admits a Z4 decomposition 

f = to © fl © f2 © fs, [fi, fj] = U+J mod 4 , (3.3) 



20 While the vacuum structure of the two models is formally the same, the kinetic term in CsG model 
prohibits solitons interpolating between two vacua. 
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where fo, f2 are bosonic and fi, fs are fermionic. These subspaces relate to those of section 
[2] as follows: fo = = sp(2, 2) © sp(4) and f2 = p is the orthogonal complement of g in the 
bosonic part f = 5u(2, 2) © su(4) of the superalgebra, i.e. p is the part of the algebra that 
corresponds to the coset space AdS^ x S^. 

The reduced action fll.3p is constructed using the supertrace 

4 8 

STr(/) = ^/,,-^/,,, (3.4) 

i=l i=5 

The matrix T from the maximal abelian subalgebra of p satisfying the required properties 
is chosen as in P 

T=(^^l^' Y = ^(2) = ^diag (1, 1, -1, -1) , T' = -il . (3.5) 

With this choice Tr(Tj^2))^ = "l; i-^- tiq = 1 in (12. 5p . As in section [21 the subgroup H of 
G = Sp{2, 2) X 5*^(4) has the algebra 1) defined to be the centralizer of T. Here H = SU{2Y, 
which is embedded into 8x8 matrix representation of F = PSU{2, 2|4) as follows 

/ SU{2) 



V 

As discussed in [1], f admits also an orthogonal Z2 decomposition 

f = ^©f", [f\hcf\ rf",f"]C^, [fMII]cfll, (3.7) 

defined by T as follows (f G f) 

f = f^+fll, [T,f^] = 0, {T,fll} = 0, (3.8) 

i.e. [T, /"] = 2T/^I, STr(/-'-/ll) = 0, etc. Each of the subspaces in (13. 3p then splits into ± 
and II parts and we can make the following identifications of the bosonic subspaces with the 
ones in ([2l]),([22D 

= = su(2) © su(2) © su(2) © su(2) , fU = m , = a = {T} , f| = n . (3.9) 

The particular bases for fjj, f^, f| that we use are given in Appendix [Bl 

3.2 Fermionic part of the action 

The action for the Pohlmeyer reduction of the AdS^ x superstring sigma model is given 
by (I1.3P where 

geG = Sp{2, 2) X Sp{A) , A± G = su(2) ©su(2) ©su(2) ©su(2) , G f ! , G fj . 

(3.10) 










\ 



SU{2)^^^ 

SU{2)^,^,^ ) 



(3.6) 
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These fields originate from particular components of the psu (2, 2 |4) currents [Ijl^ 

The expansion of the bosonic part of the action, i.e. (12.91) . was already discussed in section 
2 and here we turn to the fermionic part given by 

Sf = k j d^x Cp , Cf = STrJ^V'i^^+V'i + i'nTD.ipj^ + iig'^^j^gil)^ . (3.11) 

The full action (11. 3p is invariant under the if-gauge transformations (12.101) with ip^^ and ip^ 
transforming as 

V^^^/i-V^/i, ij^^h-^i,^h. (3.12) 

To expand (13.111) near (7 = 1 we use again (12. 13p . (12.211) . i.e. 

g = e\ r^ = x + ieU. ^efH, eefo- (3-13) 

Then (cf. fl27HD ) 

Cf = STr(^,Ta+^, + i^^Td.^^ + ^,T[A+, + ^,T[A_, + /. ^,e^''(V'j) . (3.14) 

As our aim is to compute the two-particle S-matrix for the physical fields (X, t/'^, t/^^) we 
need to expand the action to quartic order in the fields only {Cp = ^n^^F^) 

cf = STr(V;,r5+^, + i^^Td.i;, + /i i^.^j^) , 
CP = STr(A+[^„ ^P,T] + A_[^P,, ^^T] + /x ^[V^,, ^j) , (3.15) 
= STr(f ij,[X, [X, ^J] + 1 ^je, [e, ^J]) • 

As follows from the quadratic Lagrangian, the fermions ip^, ipj^ have the same mass /x as the 
bosons X (cf. (I2.23P ): their linearized equations of motion are 

= 2^rV^^ , = 2/xT^, , + = 0. (3.16) 

3.3 Gauge fixing and equivalent local Lagrangian 

Following the discussion in section [2] we will choose the gauge ^4+ = 0, now in the complete 
action (II. 3p including the fermions. We can then integrate out A_ getting a constraint on ^ 
which generalizes (12.260 

- d+i + ^[x, + [v^,, ^,r] + ^[e, d^i] + ... = . (3.17) 

This constraint allows us to eliminate ^ from the action using (cf. (I2.27P ) 

i = Ij^lX, 9+X] + ^,T] + ... . (3.18) 

^^The coset parts of the currents that solve the Virasoro condition are P+ = fiT, P_ ~ jig^^Tg] A± are 
f) parts of the currents (which are subject to the Maurer-Cartan condition in the first-order formulation). 
The fermionic fields are equal (up to factor) to the components of the fermionic currents subject to a 
particular K-symmetry gauge. 
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Dots here stand for higher order terms we will not need. From the expansion of the bosonic 
fi2.22p . fi2.24p . fi2.25p and the fermionic fl3.15p parts of the action we then get the gauge- fixed 
Lagrangian for X, tp^ , ip^^ that generalizes fl2.28p and again contains no cubic interaction 
terms, i.e. C = C4 + 0{X^, X^ip"^, ...), where 

£4 = STr( ^d+Xd^X - ^X' + ^P.Td+^P, + ^P^Td.^^ + fi^.^jj, 

1 O -1 -1 

+ -[X, d+X] — [X, d+X] + -[d.X, d+X] — [X, d+X] 

-hx,d^x][x,d.x] + !^[x,[x, T]r 

1 d 1 d (^-^^^ 

+ -[X, ^,T] + ^,T] — [X, d^X] 

+ ^[d.X, 5+X]i-[V^„ V^.T] + ^,]j^[X, d^X] - |[X, ^,][X, 

As in f l2.28p we can use integration by parts to put the bosonic part of fl3.19p into the 
manifestly local form fl2.29p . The quartic terms containing fermions can also be simplified 
with the help of integration by parts and field redefinitions that amount to use of the lin- 
earized equations of motion (9+9_X + /i^X = and (13.160 in the quartic terms in fl3.19p (see 
Appendix A)@ The result is an equivalent local Lagrangian (11. 4p which leads to the same 
two-particle S-matrix 

4 = STr( ^d^Xd^X - ^X' + ^/j.Td+^lj, + i^^Td.^^ + ^i^,^^ 

+ 9+X][X, d^X] + ^[X, [X, T]f 

12 24 (3.20) 

- ^[^,T, ^,][X, d+X] - T^J[X, 9_X] - |[X, ^J[X, 

We expect that this procedure can be continued to all orders in the fields, i.e. the all-order 
generalization of fl3.19p can be transformed into a local Lagrangian for X, ip^ , ip^ having the 
same S-matrix as by the equivalence theorem ^51j@ 

Like the bosonic Lagrangian fl2.29p . the Lagrangian fl3.19p or fl3.20p is invariant under the 
residual global H = SU{2Y symmetry transformations (cf. (12. 301) . (13. 6p ) 

X^h'^Xh, -^^^h-^ip^h, ip^^h-^-^^h, h = const e H , (3.21) 

and so that the resulting S-matrix should then have at least SU (2)^ global symmetry. 



^^For example, if we have a quartic term containing [X, d+d-X] we can ignore it: if X satisfies the 
hnearised equations of motion then d+d-^X oc X and thus such term vanishes. Equivalently, such term can 
be removed by a field redefinition. 

^^As in the purely bosonic case, this expectation is supported by the fact that in the gauge where the 
local H symmetry is fixed on the integration over A± produces a local Lagrangian for the coset degrees 
of freedom and the fermions [T]. 
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Let us now write the Lagrangian fl3.20p in component notation as in fl2.35p . We shall 
decompose X and ip^, ipj^ into parts which transform in the bi-fundamental representations 
of pairs of the four SU{2) groups that form H, 



X = Y + 



= C + x« , = Cl + Xl 



(3.22) 



where the fields Y, Z, Cr,XrXl^ Xl be identified as 2 x 2 blocks of the 8x8 matrix of 
psu(2,2 |4), see [3] for details. Schematically, we then have for a corresponding matrix in 
psu(2,2|4) (cf. dSD) 



/ 5u(2),,, 
Y 


V c 



Y 

X 






X 

5U(2)(,, 



c 



z 

su(2) 



(2') 



(3.23) 



The explicit bases of the relevant subspaces of psu(2,2 |4) are given in Appendix [Bl Y and 
Z each represent 4 bosonic degrees of freedom of the reduced theory for AdS^ and parts 
respectively, while the 4 components of ^ and 4 components of Xl r fermions that 

"intertwine" them. 

One way to write the component Lagrangian in a simple form is to formally identify the 
actions of the pairs oiSU{2) subgroups of as SU{2)^^.^ = SU{2)^^^ and SU{2)^^,^ = SU{2)^^,^ 
in (13.61) leaving a single "diagonal" SU{2) x SU (2) subgroup of H. Then (13.231) implies that 
all the physical fields will be in the same bi-fundamental representation of this SU{2) x SU{2) 
which is locally isomorphic to 5*0(4), with the bi-fundamental representation of the former 
being the same as the vector representation of the latter. In this way we can rewrite the 
theory so that all the fields {Y, Z, Xr, Cl^ Xl) labelled by indices of the same vector 
representation of this 5*0(4) group. 

Using the basis of the psu (2, 2 |4) defined in Appendix[B], we may introduce the component 
fields as follows 

V vinrpA y ymrnS 

V = pXv'^T^2 

Ah Ar m 1 



Cr 



e 4 



^R -'■m 



(3.24) 



Sl Sr m 5 A.L ^ Ar, -^m 



We will use m,n,... = 1,2,3,4 for 50(4) vector indices which will be raised and lowered 
with Smn- Y"^ and Z"^ are real bosonic fields and and x^ are real (hermitian) 

Grassmann fields. Making use of the identities in Appendix [B] we can then rewrite (I3.20p as 



^d+Y^d.Y^ - ^Y^Y^ + h)^Z^d.Z^ - ^Z^Zr, 



Lm 



- — (y™rfa+r"a_r^ 



+ -^xy-x 
z'^z'^d+z^'d-Z'') {5, 



Rm 



Rm 



2^1-' -'m-' i-ri 



rvm ry ryn ry \ 

Zj ZjjnZj Lin) 



(3.25) 
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+ f (CCm + X'^X.n.W^Y^ - Z^Z^) + '-^CmnUQx'Y^Z^ - X^C^^"^^) 

where 

Cmnpq — ^mnpq ^rnp^riq ~l~ ^mq^rip ~l~ ^mri^pq • (3.26) 

This component form of the Lagrangian (13.201) has the advantage of simphcity but it has 
only SO{A) or SU{2) x SU{2) part of global symmetry H as its manifest symmetry - another 
SU{2) X SU{2) is hidden. 

It is possible to write (I3.20p also in a manifestly SU{2)^ invariant form by trading each 
50(4) index for a pair of SU{2) ones so as to make it explicit that the fields belong to 
bi- fundamental representations of the four SU{2) groups according to (13.231) . To do so let 
us introduce the indices a, a, a, a corresponding to the fundamental representations of the 
four S'f/(2)'s in (13.61) . Then we may re-label the fields as follow^ 

( rz.m\aa\^ V ( rr \ "ym 

-' y-' ) ^ ad J ^ aa V m/ffi ' 

= (n'^]°'"'t ■ t ■ = (rr ) -t"^ \ ■ ) 

X ('^ ) Xad ) Xad {(^mjadX 

where (Vaa)* = Y"'"-, etc. The explicit result of the translation of (13.251) into this manifestly 
SU{2Y invariant form is 

_|_ 1/* r) ^"'^ -I- f) r^°- -I- --v f) A/"° -I- --V r) -v"" — i\it t""^ — 7//-V v*^" 

1 ■ ;y2 ■ 

I ( y yaapi y a 7/3/3 y p. yaa y p. yPP y yaa y . yPP\ 

+ I (C.^C/'V-'-^+n. + (RaaC/'Y^^d^Y,, + /i C,^^CY,,Y'') (3.28) 

+ + Xr^^Xr^'-Y^'O^Y,, + fiXR.aXTYbi.Y'') 

- l{x,aaX,''zP-d^Z^^ + XR^,XR''Z^-d.Z^, + f^XR^,xTz,,z^') 

^^The 2-indices are raised and lowered with the antisymmetric tensors e°^, etc., i.e. = e'^^'Fi,, Fb = 
etcF'^. Dotted and undotted indices are assumed to be completely independent. We use the convention that 
e^^ = 1, £12 = — 1, e°'^€bc — (5° and the rescaled set of Pauli matrices 

.1 ^1 ^ (^^\ .2 -2 1 M 1\ 1 /O Z\ 4 1 /"^ M 
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The Lagrangian (13.251) or (13.281) is also manifestly 2-d Lorentz invariant, assuming that the 
fermions transform as Majorana-Weyl 2-d spinors [T]. 

The original reduced model 0] was shown to be UV finite to the two-loop order (and 
conjectured to be finite to all orders) in [1]; the same should of course be true also for its 
gauge- fixed version (13.201) or (I3.25p . This implies that the corresponding quantum S-matrix 
should be finite, i.e. should depend only on the original tree-level mass scale fi. 



3.4 Special cases: reduced Lagrangians for AdS2 x S"^ and AdS^ x 

Let us now look at some special cases of (13.251) corresponding to the reductions of the 
superstring theory on AdS-z x S'^ [T] and on AdS^ x [3J. 

Replacing PSU{2,2\A) with PSU{1, 1|2) gives superstring theory on AdS2 x S'^ and the 
corresponding reduced theory can be identified [1] with the (2,2) supersymmetric sine-Gordon 
model [l6]. Its Lagrangian may be written as 

r 

C = 2 -I- d+(fd^(f + — (cos 2(f — cosh 20) -|- i ad-a + i Sd^S + i ud+u + i pd+p 

— 2i// ^ cosh cos (uS + pa) + smb. (p sin Lp (—pS + ua)^ . (3.29) 

Here 0, cp are real bosonic fields and a, 6, u, p are real (hermitian) fermions. Expanding this 
Lagrangian to quartic order, rescaling the fields by | and renaming them, one finds that it 
becomes the same as (13.251) if all SO (4) indices there take just only one value, i.e. 

=la - ^Y^ + -d+Zd^Z - ^Z' 

2 + 2 2 + 2 

% % % % 

+ i^ClC)+Cl + i^r^-Cr + -^Xl^+Xl + i^Xr^^Xr - ^KlCr - ^f^XLXR (3-30) 

- ^{y' - z') + |(C.C + XrX.W - z') + |(Cx. - XrUyz . 

Like the action for (I3.29p . the action for (13.301) is thus invariant (2,2) supersymmetry. As 
discussed in [H |3l H] it is an open question if the general action (11.31) and thus (I3.25P may 
also be invariant under (a properly defined) 2-d supersymmetry (cf. also section 5). 



The action that arises from the Pohlmeyer reduction of the AdS-^ x superstring theory 
with asymmetric (axial) gauging of H = U{1) x U{1) can be found, e.g., by fixing a gauge 
on g and integrating out A±. This gives a local Lagrangian (with regular expansion near the 
trivial vacuum) which is a fermionic extension of the sum of the complex sine- Gordon and 

^^Compared to [T] we have redefined a —e~a, 6 e~5, v e~v, p e~ p in order to get the 
standard hermitian conjugation property {ah)* = b*a* for the Grassmann fields, as opposed to the convention 
(ab)* = a*b* = —b* a* used in [1]. This is also the origin of the e~ factors in (|3.24[) . Note also that in [1] 
the Lagrangian was rescaled by a factor of i . 
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the complex sinh-Gordon models (see ^ and section 12.61 for details^^^' 

,2 



d+(f)d^(f) + tanh^ (p d+vd^v + d^ipd^ip + tan^ ip d+ud^u + ^ (cos 2ip — cosh 20) 



+ i ad-a + i [3d-[3 + i •yd^'y + i 6d-6 + i Xd+X + i ud+u + i pd+p + i ad^a 

— i tanh^ [d+v {Xu — pa) — d^v {a/3 — ^5) ] (3.31) 

+ i tan^ if [d+u {Xu — pa) — d-U {ajS — 7^) ] 

+ (sec^ V9 — sech ^0) {a(3 — y5) (Az/ — pa) — 2ip ^ cosh cos ip (A7 + + pa + aP) 
+ sinh sin 9? [ cos(w + u) {p6 — ay + XP — va) — sin(t> + u) {Xa + v[3 — py — a5)^^ j 

Here 0, (p, v, u are real commuting and a, 7, 5, A, z/, p, a are real anticommuting fields. 
Expanding this to quartic order in "radial" directions 0, (p> as in section 12.61 and using the 
following field redefinition 



cosh f , 1^2 = 20 sinh f , Zi = 2y9 cos m , Z2 = 2ip sin m 



(C«, C', C;, Cl Xl. X\. X\. x'J=2(a,/3,p,a,5,7,z/,A), 



(3.32) 



we conclude that the resulting Lagrangian becomes the same as ( 13.251) with 171,11, p,q = 1,2 
(e.g., the terms containing emnpq in (13.251) drop out). 



4 Tree-level S-matrix of reduced theory 
for AdS^ X superstring 



Starting with the component Lagrangian (13.251) it is straightforward to read-off the corre- 
sponding tree- level two-particle S-matrix following the same steps as in section (12. 4p . Again, 
we rescale the fields by ^ and carry out the expansion of the S-matrix, (I2.37p . in powers of 
1/k. The quadratic part of (13.251) describes 4+4 bosonic and 4-1-4 fermionic massive degrees 
of freedom for which we have the following mode expansion (cf. (12.391) ) 



dp 1 



Yp 



1 2I y^yp 
W = Itw. {'"'^M ^Tp^~'''' + < 



■mj^ip-x 



(4.1) 



where the fermionic wave functions have the following explicit form in terms of the rapidity 
defined in I^M) 



e 2 



«C«(P) = v^e2 , v^^ ip) = 4pe^ , (4.2) 



and 



[a- , a^;,] = 27r5™"5(p - p') 



{aZ. <U = 27r5™"5(p - p') • 



(4.3) 



^^As in the AdS^ x S"^ case discussed above we have redefined a —a, (3 —(3 and rescaled all the 
fermions by e~ compared to [3]. Again, an extra overall factor in the Lagrangian arises as we have not 
rescaled it as was done in [3| . 
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There are also similar relations for Z™, x'", x™. Then the normal ordered quadratic Hamil- 
tonian H2 has standard free oscillator form, i.e. its action on one-particle states is 

H2<; |0) = e, a-t |0) , (4.4) 

where $ stands for any of the fields Y, Z, x- 

As in the bosonic case in section (12.41) . we will write the S-matrix in terms of the T- 
matrix defined in (12.371) . which is again determined by the normal-ordered quartic part of 
(13.201) . Plugging in the mode decompositions (14.11) we may compute the action of T on the 
two-particle initial states 

\^?{PiW2{P2)) = '^V^<!pXIp. |0) • (4-5) 

We shall again use the definition of rapidities in (12.461) . For simplicity we will assume 
Pi > P2 61 > 02- This leads to the expression for the T-matrix as a function of in terms 
of one type of 5*0(4) vector indices which we present explicitly in Appendix O 

To write the T-matrix in the form exhibiting the full bosonic symmetry group SU{2)^ we 
shall trade each 5*0(4) index for a pair of SU{2) ones so as to make it explicit that the fields 
belong to the bi-fundamental representations of the four SU{2) groups according to (13.231) 
as described in section [331 (s ee (I3.27P ). We present the resulting 5f/(2)^ invariant form of 
the T-matrix in Appendix O For example, we get 

T \Yaa{Pi)Y,i,{P2)) - [(2 sinh^ ^ S:St6isf - coshd{SXsisi + StS^Stsf)) \YUpi)Y,^{p2)) 



sinh ■ 

2 



T 



T 



CaMCM)) = [ - Sinh ^ [s^S^e^^e^' \YMY,Ap2)) ~ e^^e'^SlSl \Z,,{p,)Z,^{p,)) 

YaMC,^{p2)) = ^-^[(sinh^ ^ ^aS'Asi - cosh^StS^^SiSj) \Y,M)UiP2)) 



cosh^ SlStsisj \(:c^{pi)Y,,{p,)) - smh^ eate-^Sisi \x,c{pi)Zss{P2)) 



For a generic integrable theory with non-simple Gi x G2 global symmetry and with fields 
transforming in the bi-fundamental representation of this group the S-matrix should exhibit 
group factorization property (see, e.g., [521 [I8j)@ Such factorization indeed happens in 
the light-cone gauge AdS^ x superstring S-matrix which is invariant under the product 
supergroup PSU{2\2) x PSU{2\2) [SB EZl [ISl El ES] • 

Since the reduced theory is integrable, and the fields are in (different) bi-fundamental 
representations of SU{2) x SU{2) subgroups oi H = SU{2Y we should expect at least 
partial group factorization of the two-particle S-matrix here as well. 

The field contents of the light-cone superstring and the reduced theories are identical in 
how they transform under the bosonic symmetry group, SU{2Y. Therefore, we may expect 

^"^Let us recall (see [121 HH]) that this can be understood as a requhement that the Faddeev-Zamolodchikov 
algebra is also a direct product. Consider the field Faa where the index a is from G\ and ol is from G2- ^aa 
may then be represented "on-shell" by a bilinear term UaVa in oscillators, where Ua transforms under Gi 
and Va transforms under G2 and the two sets of oscillators mutually commute. The braiding relations for 
each of these sets are determined by an Gi- or G2- invariant S-matrix consistent with the Lagrangian of the 
theory. 
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to find at least part of tlie factorisation of the S-matrix seen in the superstring theory to be 
present in the reduced theory. 

Remarkably, it turns out that we get exactly the same factorisation structure as in the 
superstring case, [19]. In general, the S-matrix group factorisation 

§ = §(g)§, (4.6) 



implies the following factorization of the leading term in the T-matrix (cf. fl2.3'i 

T = I®f + f®I, (4.7) 
To exhibit the factorization let us introduce the super-indices 

A = {a\a) , A = {a\a) , 

where the lower-case latin indices are Grassmann even and the greek indices are Grassmann 
odd. We can then describe all of our fields in terms of one field The (centrally extended) 
PSU{2\2) X PSU{2\2) factorisation of the superstring S-matrix means that ^ \ 



SSbI = (-l)^^"^'^'^"^'sSfs5|, (4.8) 
so that the leading term in the T-matrix (14. 7p can be written in the following compact form 



4 sinh 'd 



+ {-l)mmD]^CsDj.CD 



\^CciPl)^DDiP2)) 



(4.9) 



Here [a] = [d] = and [a] = [a] = 1 and the explicit form of the coefficient T^b can be 
written in terms of ten arbitrary functions Ki of the kinematic variables (called A,B, ... in 

m) 



(4.10) 



Remarkably, the result for the reduced theory T-matrix that we found (and which is presented 
in detail in Appendix [C]) has exactly the form fl4.9l) . fl4.10p with the functions Ki given by 





T^t = K, 5l5t 


+ K2 






Til = ^3 




5^5^ 


rp'yS 

-^ab 


= eabe^' , 


rpcd 




rp-yd 


= 5% , 


rpcS 
■^ab 


= Ks 5i5l , 


rpcS 

■^af3 


= K, 5:51 , 


rp-fd 

-^ab 


= ^10 ^'A 





= -K3 


= sinh^ f 


K2 


= -K, 


= — cosh 


K, 


= K,= 


— sinh 1 


Kj 


= Ks = 


— cosh 1 


K9 




= 0. 



(4.11) 



^^Here I is the identity operator. 
Again, dotted and undotted indices are completely independent, representing fundamental representa- 
tions of the four independent SU (2) groups. 
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The Pohlmeyer reduced theory fll.3p is 2-d Lorentz-invariant and therefore the functions Ki 
depend only on the difference of the two rapidities = 61 — 62 (we have assumed that 61 > 62 
in (1226D). 

For comparison, the light-cone superstring T-matrix found by the explicit computation in 
[in] has the form fl4.9l) . fl4.10l) with depending separately on the two rapidities!^ 

Ki = -K3 = (sinh^i - sinh^2)^ 
K2 = —Ki = 4 sinh 61 sinh 62 

K^ = Kq = A sinh 6^ sinh 62 sinh (4.12) 
Kj = K^ = A sinh 61 sinh 62 cosh 
Kg = -Kio = - sinh^ 61 + sinh^ 62 . 

Note that the vanishing of Kg and Kiq in fl4.10p . fl4. lip reflects the fact that the bosonic part 
of the reduced theory in (13.281) is the direct sum of the "AdS" and "sphere" parts (which 
separate as usual in the conformal gauge) while in the light-cone gauge superstring action 
used in [19] the corresponding sets of the bosonic fields were coupledcJ 

It is somewhat unexpected to find that the reduced theory S-matrix has the same type 
of group factorisation as the superstring theory S-matrix in [IH] while its action (11.31) had 
only the bosonic SU{2y group as its manifest symmetryjfl The reduced theory S-matrix in 
(14.1 op . (14. lip has the obvious symmetry under interchanging different types of indices a — >■ a, 
etc. (so that Ki —K^, K2 —K4, etc.) reminiscent of a boson-fermion symmetry and 
exactly the same applied to the superstring case fl4.12p . 



5 Concluding remarks and open problems 

One of the main conclusions of the present paper is that there exists a special 2-d Lorentz 
covariant S-matrix (corresponding to the local UV finite massive integrable theory fll.3p ) 
whose algebraic structure is very similar to that of the S-matrix of the AdS^ x superstring 
theory in the light-cone gauge. 

An obvious extension of our tree-level S-matrix computation is its analog at the 1-loop 
level. To compute the 1-loop two-particle S-matrix for the elementary fields of the reduced 
theory it is again enough to use the quartic Lagrangian fl3.25p or 03.280 . The reason is the 
absence of cubic vertices and the cancellation of diagrams with tadpoles as the theory (11.31) 
is UV finite [1]. Finding again the same group factorization of the 1-loop S-matrix would be 
a non-trivial check of quantum integrability. 

Let us now discuss some remaining issues and problems. An obvious question is if the two 
S-matrices (with coefficients in (14. lip and fl4.12p respectively) are related in some way. Since 
they correspond to integrable theories and should thus satisfy (cf. [22]) the Yang-Baxter 

•^"The difference in sign in K5 and Kq between (|4.12p and arises from tfie alternative definitions used 
for eab, ^af}'- we used ei2 = —1, wfiereas in [12] ei2 = 1. In [12] tfie expansion of the S-matrix was carried 
out in powers of inverse string tension, wliich played the role of the expansion parameter in (j2.37p . 

•^^Note also that un-extended PSU {2\2) symmetry would imply, in particular, that Kc, = Kq = (cf. also 
[53]). We thank N. Beisert and T. McLoughlin for this remark. 

•^^The reduced theory coset (|1.2p is purely bosonic, so any remaining fermionic supergroup symmetry (jl.ip 
of the superstring theory would be "hidden" here. 
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equation (which is, in general, quite constraining) it is hkely that there is a transformation 
mapping one into the other. 

The group factorization structure of the reduced theory S-matrix we have found suggests 
that the reduced theory should possess a hidden symmetry mixing bosons with fermions 
like the PSU{2\2) x PSU{2\2) of the superstring case. Since the fermionic fields in (11.31) or 
(13.281) have the standard first-order kinetic terms, a target-space symme try relating them to 
bosons cannot be realised in a simple local way at the Lagrangian levelo 

A possible alternative to the existence of such an "on-shell" global fermionic target space 
symmetry is a hidden global 2-d supersymmetry. Indeed, there is at least one special case in 
which the reduced-theory S-matrix has 2-d supersymmetry - the truncation to the AdS2 x 
5^ case when the reduced Lagrangian (13.291) or (13.301) is equivalent to that of the (2,2) 
supersymmetric sine-Gordon model. In this case the 5*0(4) indices in (I3.25P take just one 
value, and thus the SU{2) indices a, a, a, a in (I3.27p . (l3.28p also take a single value (so that 
the T-matrix coefficients in (14.101) simplify to Ki + K2, K^, + K4^, etc). 

In general, the action (11.31) or the St/ (2)^ invariant quartic gauge-fixed Lagrangian (13.281) 
cannot be directly invariant under the standard 2-d supersymmetry since the bosons and 
the fermions are in different representations of the the global symmetry group PQ El S]. 
This objection does not, however, apply to the special 5*0(4) invariant form of the gauge- 
fixed Lagrangian in (13.250 . It would be very interesting to check if the obvious linear 2-d 
supersymmetry of the quadratic part of (I3.25P (the same as in the plane-wave limit of the 
^^5*5 X superstring action JT^) extends also to the quartic interaction levelEl It should 
be straightforward to check for 2-d supersymmetry [5lj in the 50(4) invariant form of the 
S-matrix given in Appendix C. 

As for the manifestly SU{2)'^ invariant form of the action (13.280 where the basic fields 
have indices of bi-fundamental representations of pairs of different SU (2) groups, one could 
hope to realise a 2-d supersymmetry if one could represent them as products of 4+4 "pre- 
fields" each transforming in the fundamental representation of one of the four SU{2) groups, 
i.e., symbolicallylH Yad = B^Cl, Z^a = K^'a, and similarly for (LaaXnaa, Xaa,XRad- Here 
B,C,F,G are fermions and ( and x should be built of one fermion and one boson Then 
a 2-d supersymmetry may be relating these doublet "pre-fields" having the same type of 
SU{2) index. It may happen that some bosonisation/fermionization transformation applied 
to (I3.28P may produce a local Lagrangian for these "pre-fields" which would be invariant 
under such 2-d supersymmetry. 

As was mentioned in the Introduction, in attempting to find an exact quantum solution 
of the reduced theory (11.31) it is natural to try to draw lessons from examples of massive 
integrable deformations of coset CFT's already studied in the literature [HI [2Sl EZ] (see 
for a review). Almost all of the previous papers on this subject followed [27] in considering 
G/H models with an abelian subgroup H. The massive deformations of the G/H gWZW 
models investigated in [27] were selected so that to have two properties: (i) small fluctuations 

■^^Note that the PSU{2\2) x PSU{2\2) symmetry on the string side appears as a symmetry of the corre- 
sponding hght-cone gauge Hamihonian or on-sheU spectrum [T71 \Wi \TE\ (see also [TB] for earher hints of this 
symmetry at the level of the near plane wave spectrum) but not as a manifest symmetry of the gauge-fixed 
string action. 

•^■*By analogy with (|3.30p which is a direct truncation of p.25p we may again expect to find (2,2) super- 
symmetry, cf. Appendix B in [5]. 

•^^A somewhat similar bi-linear representation was mentioned in footnote [571 which commented on group 
symmetry factorization of the S-matrix (cf. [121 [22]) • 
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near a vacuum should have massive spectrum, and (ii) all possible flat directions of the 
potential should correspond only to gauge transformations. Since H is the global symmetry 
of the action, any constant matrix 

Qvac = ho e H , ho= const , (5.1) 

represents a minimum of the potential in fl2.9p . Then the condition (ii) is equivalent to the 
requirement that the vacuum configuration is unique up to a gauge transformation and this 
then restricts H to be abelian and in addition one is to use an asymmetric (axial) gauging of 
the WZW model [27j. Such ("symmetric space sine-Gordon") models then have the complex 
sine-Gordon model as its special case and have features similar to those of the latter theory 
j41] : they have no vacuum degeneracy (no spontaneous symmetry breaking) and thus may 
have non-topological solitons only. The latter carry abelian charges and in the small charge 
limit smoothly reduce to the elementary field excitations around the unique vacuum. This 
implies, in particular, that their exact S-matrix should have a smooth limit in which it 
reduces to the perturbative S-matrix for the elementary excitations (cf. [41]). 

For a non-abelian H as in case of the AdS^ x reduced model fll.2p . fll.3p discussed in this 
paper there is an if-orbit of a priori inequivalent vacua (15. ip and thus the corresponding 
theory is expected to have topological solitons which interpolate between these different 
vacua. As their quantization in 2-d is a potentially intricate problem, it is not clear if a 
Lagrangian description is enough in this case to construct the corresponding exact quantum 
S-matrices@ 

An important feature of the present model (11. Sp that may help to by-pass this potential 
complication is that it should be viewed not just on its own but as a tool for solving the 
original AdS^ x superstring theory. The requirement of equivalence to the superstring 
theory may provide an extra input to define the quantum version of the reduced theory. 
Indeed, as discussed in [H |5], all of these vacua of the reduced theory correspond to the same 
string configuration - the "plane-wave" or BMN vacuum of the original superstring theoryjf^ 
Recall [H |5] that when carrying out the reduction procedure by starting with the first-order 
form of classical superstring equations one has initially H x H gauge symmetry g — > h~^gh\ 
etc., with independent h,h' G H. Half of that "on-shell" gauge symmetry is then gauge- 
fixed to get the reduced equations in the form that can be derived from a local action (ll.Sp l^n 
Before this partial gauge fixing it is always possible to choose the classical vacuum to be the 
identity, (7 = 1, i.e. all choices in (15.11) are gauge-equivalent. While this is no longer so at the 
level of the reduced theory action (II. 3p one may argue that the information in the reduced 
theory which is relevant for the original superstring should not be sensitive to a particular 
choice of in (15. ip . In this case the reduced theory S-matrix computed in this paper by 
expanding near (7 = 1 should thus have a universal meaning. 



We are grateful to J.L. Miramontes for related comments and important explanations of these issues. 

•^''This suggests, in particular, that apparent topological solitons of the reduced theory should either be 
unphysical or, more generally, translate into non-topological solitons in the superstring theory (cf. relation 
between the sine-Gordon soliton of reduced theory and the giant magnon soliton of string theory [10]). 

•^^This fixing is not unique, and different gauge fixings give rise (to apparently equivalent) reduced theories 
based on asymmetric gauging of the remaining group H. In the non-abelian case there is a class of asymmetric 
gaugings (for which the r-automorphism takes the form t{u) = hQ^uho) that corresponds to effectively 
changing one vacuum for another [SJ: starting with the symmetrically gauged WZW action with t = 1 and 
expanding it near g — Hq is equivalent to starting with asymmetrically gauged action containing (|2.58p with 
t{u) = h^^uho and expanding it near g = \. Such different gaugings were discussed already in [27j and their 
relation (in the case of abelian H) to T-duality was further clarified in [JSj. 
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One of the central issues is that of a precise relation between the string-theory and the 
reduced-theory observables and parameters. In particular, in comparing the reduced and 
the superstring S-matrices in section 4 we assumed, following |3] , that the overall constant k 
in (11.31) is directly related to the string tension However, in a G/H gauged WZW model 
with compact G or at least compact non-abelian H the constant k should be quantized [55] : 
that quantization plays an important role also in the present context of massive deformations 
of gWZW models as was emphasized in |^ [26] . At the same time, there is no reason to 
expect quantization of the string tension in the original AdS^ x string theory. One possible 
way out is to assume that k is an additional hidden parameter while the string tension should 
enter only through n, i.e. in a combination with an arbitrary mass scale. Given that the 
classical target-space symmetry charges (or rather Casimirs) of the original string theory are 
"hidden" in the reduced theory, the precise translation between the observables should be 
non-trivial. Then the string tension may not appear directly in the reduced theory action 
but rather in the corresponding definition of string observables in terms of reduced theory 
ones. 
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Appendix A Simplification of quartic Lagrangians 

Here we will show how to transform the Lagrangian (I2.28P to (12.291) using integration by 
parts. We will also illustrate the steps (integration by parts and use of linearised equations 
of motion in the quartic terms) that allow one to put (13.191) into the form (13.201) leading to 
the equivalent tree-level two-particle S-matrix. Below we will ignore total derivatives and 
for simplicity of presentation omit the overall trace (that allows to rearrange terms using 
cyclicity property). 

The quartic term in (12.281) may be written as 

^[X, d^X] + d^X]j-[X, d^X] - 1[X, d^X][X, d^X] 

= ^[X, d^X]^[X, d^X] + ([X, d^X]) ^[X, 9+X] 

- ^[X, 9+9_X]i-[X, d^X] - ^[X, 5+X][X, 9_X] 

= -i[x, d+x]^[x, d+x] - ^[x, 9+9_x]^[x, d+x] - ^[x, d+x][x, d^x] . 

(A.l) 
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Using that 

^[X, d+X] = ■^{[d.X, d+X] + [X, d+d^X]) 

^+ (A.2) 

= — (9+[9_X, X] - 2[9+9_X, X]) = -[X, d.X] + 2— [X, d+d.X] , 

we find that the non-local parts in the quartic term cancel and we end up with the single 
term 

^[X, 9+X][X, a_X]. (A.3) 

Let us now discuss the fermionic terms in (I3.19p . Here we will use linearised equations of 
motion to simplify the quartic terms. For example, since d-^d-X oc X, we may set terms 
with [X, d+d-X] to zero. Using the linearised fermionic equations of motion fl3.16p and the 
fact that T anticommutes with ip^^ and V'i we may show that 

4 AT^ 

LXi LL LXi 



This implies that we can make the formal substitutions in the quartic terms in the action 
We can then make the following transformations 



i[X, 9+X]^[^„ ^,T] + ^,T]^[X, 9+X] + i[9_X, 9+X]^[^„ ^,T] 

X ^ X X 

= -[X, 5+X]-[^„ ^,T] + -9„ ([X, a+X]) V^.T] (A.6) 



9_(^[X, 9+X]^[V;,,V^,T]) =0 



where we have dropped a term containing [X, (9+(9_X], integrated by parts and ignored all 
total derivatives. To give another example consider 

(A.7) 

Using (lA.5p . (]A.2p this term may be written as 

8/i C+ C+ 

= - d.^i,,][x, d^x] + v^J[x, 9_x] , 

O/i OyU 

where integration by parts and the identity flA.2p have also been used. Taking into account 
the linearised fermionic equations of motion we finally get 

-\[2^PJ, ^J[X, 9+X] - 2T^,][X, d.X] . (A.9) 
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Appendix B Basis for subspaces of p5u(2,2|4) 

Here we explicitly write out the basis for the relevant parts (f|, f1 and f|) of the superalgebra 
psu (2, 2 |4) that we used in section 13.31 

An arbitrary element of bosonic subspace f| can be written as 

/I (Xi, X2, X3, X4, X5, ^6, Xj, Xg) = 

/ 2:1 + ^x2 -X3 -1X4,0 \ 

— X3 + ixi —xi + ix2 

xi — 1x2 — 2^3 — ix4 

— X3 + 1x4, —xi — ix2 

j;5 + ix^ xj + ixs 

—2:7 + ixs x^ — ixe 

— X5 + ixQ x-r + ixs 

\ —X'r + ixg — X5 — ixe 

where Xi are commuting parameters. An arbitrary element of fermionic subspace f\ is 

fi (ai, "2, "3, "4, "5, "6, "7, as) = 

/O Oqi+ ia2 + ia4 \ 

—as + 104 «! — ia2 

as — iuQ —07 — ias 

—07 + iag — CK5 — ioQ 

—ia5 + ae ^^7 — as 

iaj + as ia^ + ag 

iai + a2 — ^03 + 040 

\ ias + 04 — 026 

where are anticommuting parameters. Then an arbitrary element of fermionic fg is 

/I ("1, "2, "3, "4, "5, «6, «7, as) = 2T/I' (ai, ^2, ^3, "4, "5, «6, «7, 

Explicitly, we choose the following bases: 
for fl 

= fl ih 0' 0' 0' 0' 0' 0' 0) ' = fl (0. h 0' 0' 0' 0' 0' 0) 

T-f = fl (0, 0, i, 0, 0, 0, 0, 0) , T,^ = fl (0, 0, 0, i, 0, 0, 0, O) 

Tf = fl (0, 0, 0, 0, i, 0, 0, 0) , Ti = fl (0, 0, 0, 0, 0, i, 0, O) 

Ti = fl (0, 0, 0, 0, 0, 0, i, 0) , Ti = fl (0, 0, 0, 0, 0, 0, 0, i) 



for 



Ti^' = fl ih 0' 0' 0' 0' 0' 0' 0) ' T,""' = fl (0' h 0' 0' 0' 0' 0' 0) 

Tg^^ = fl (0, 0, i, 0, 0, 0, 0, 0) , ^ = ff (0, 0, 0, i, 0, 0, 0, O) 

T,^2 ^ f\\ (0, 0, 0, 0, i, 0, 0, 0) , T2^^ = fl (0, 0, 0, 0, 0, |, 0, O) 

^3^'^ = fl (0, 0, 0, 0, 0, 0, i, 0) , = fl (0, 0, 0, 0, 0, 0, 0, i) 
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for fl 



Ti' = f! ih 0, 0, 0, 0, 0, 0, 0) , T^^^ = fl (0, i, 0, 0, 0, 0, 0, 0) , 

Ti' = /I (0, 0, i, 0, 0, 0, 0, 0) , T^^ = fl (0, 0, 0, i, 0, 0, 0, O) , 

= fl (0, 0, 0, 0, i, 0, 0, 0) , T2^^ = fl (0, 0, 0, 0, 0, i, 0, O) , 

Tt = fl (0, 0, 0, 0, 0, 0, i, 0) , T^' = fl (0, 0, 0, 0, 0, 0, 0, i) , 



These generators satisfy a number of relations that we used in section 13.31 to write the 
Lagrangian in component form (13.251) 

STr(T^T„^) = 5„„ , STt{T^T^) = S^n , STr (T^T^) = , 

STiiT^^Tt) = Smn , STr(T^^T„^^) = 5„„, STriT^^T^-) = , STr (T^-T^^) = . 

rpLl _ nrp '~pRl '~PRl — OT^Ll rp '~pL2 _ OT^ '~PR2 '~PR'2 — OT^^a '~P 

m ml m m ' m mi m m ' 

STr([T^, T^][T^, T^]) = —SmpSnq + ^mq^np , STr([T^, T^][Tp , T^]) = SmpSnq — ^mq^np 

STr([ri, [r„^, T]][T/, [T/, T]]) = , STr([T^, [T^ T]][T/, [Tf, T]]) = 6„,Jpq , 

STr(-[r^^, ^}[-^ 5 -^q ]) 2^mnpq 2^mp^nq 2^mq^np ; 

SXrd^r^^, ^ j- [T^p , ]) 2^mnpq 2^mp^nq 2^mq^np ; 

STr({T^^, T„^}[Tp , ]) = -^^mnpq 2^mp^nq ~\~ 2^mq^np ■, 

SXr({X'j^'^, ^ } [X^ , T^j^ ]) 2^mnpq ~l~ 2'^"^p'^"9 2^'^9^"P ' 

SXr([X'j^, ^W^p 1 ^q ^]) 4 {,^mnpq ^mn^pq ^mp^nq ~l~ ^mq^np) i 

SXr([X'jyj, ^][rp , ^]) ^ i^^mnpq ^mn^pq ^mp^nq ^mq^np) ; 

STr([T^, ^][^p 5 -^(j ^]) ~ 4 ( ^mnpq ^mn^pq ^mp^nq + ^mq^np) ; 

STr([T'^, T^j^ ^][T^ , X'g ^]) ^ ( (^mnpq ~l~ ^mn^pq ~l~ ^mp^nq ^mtj^np) ; 

STtQT'^, ^][T^ , ^]) ^ ( ^mnpq ^mn^pq ^mp^nq ^mq^np) ; 

STrQX'j^, ^W^p ; ^q ^]) 4 {,^mnpq ^mn^pq ~l~ ^mp^nq ^mq^np) ; 

STr([T^, T^yj '^][^^ 5 ^]) 4 ( ^mnpq ~l~ ^mn^pq ^mp^nq ~l~ ^mq^np^ ; 

STr([T'^, ^] [T^p , ^]) ^ i^^mnpq ^mn^pq ^mp^nq ^mq^np) ; 

^ \\-^m 5 -'n J l-'p 5 -'g J J ~ '^mnpq i ^ J-J- Vl-' m ; n J l-'p i q i ) ~ '^mnpq ■ 



Appendix C T-matrix of reduced theory 

for AdS^ X superstring 

Here we present the full expression for the T-matrix corresponding to the reduced Lagrangian 
(13.251) or (I3.28P first in the 5*0(4) notation and then in the manifest SU{2Y notation. 



34 



T- matrix in 50(4) form 
Boson-Boson 

T\Y'ip,)Y'{p2)) 



T\Z^{pi)Z'ip2)) 



T\Y^{pi)Z'{p2)) 



1 



4 sinh -i? 



1 . , I? 



2 2 
+ -smh-(-e, 



+ d:^6t, - 5t^5l + 5mnn \C{Pl)C{P2)) 



« + <5^„<5-)|x'"(m)x"(P2)) 



4 sinh I? - 



2 2 

+ cosh {6tr,S^^ - S^n^n) \Y"\pi)Y''{p2)) 



4 sinh 1? 



1?. 
2' 

+ -smh-(-e 
-cosh-(-e, 



mn 



5mn5'') \C{P1)C{V2)) 



1 , 

+ -cosh-(-e. 



Fermion-Fermion 

T|r(Pi)C^(P2)) 



T|x'^(m)x^(P2)) 



T|r(Pi)x^(P2)) 



4 sinh 1? 



1 sinh ^(6^„- + Sl,5t, - 5^5^^ + 5mnS^^) \Y-^ {p,)Y- {p^)) 



+ -sinh-(e^J'^ 



ir(pi)C(P2))' 



1 



4 sinh {} 



cosh ?? f 

I sinh ^(-6^ - + 5;,^^ - (5^<5; + S^nSn \Y^{pi)Y^{P2)) 



+ -sinh-(-e. 



rs 
mn 



^mK + C*^;; - SmnSn \Z^{pi)Z^\p2)) 



+ COSh^6^-|x"^(m)x'^(P2)) 



1 



4 sinh 



-cosh-(-e„ 



1 1? 



- 5^n5'' + Sl^St, + St^Sl) \Y"^{pi)Z^{p2)) 



Boson- Fermion 

T|F'^(P1)C(P2)) 



1 



4 sinh •& 



[cosh'!?(- 



(5^,5; + <5^„<5-) - 5^^5t} \Y^{pi)C{P2)) 



1 

+ -cosh-(e^J'' 

1 • . ^/ 
+ -smh-(-e 



Vn)\r{pi)Y^{p2)) 



rs 
mn 



1 



4 sinh I? L2 



[cosh??(- 



^mn ' ^m^n 



5mn5n+^m5n]\Z'^{Pl)C{P2)) 



+ ^sinh^(e^„^' 



i9 
2' 
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4 sinh I? L2 



[coshi?( 



_ rr I e 
^mn "m^n I "'I 



1 , 

+ -cosh-(-e 
+ -smh-(-€. 



rs 
mn 



mn 
mn 



T|^'^(P1)X^(P2)) = 



1 



4 sinh t? L2 



[cosh'!?(e 



1 , 1?, 
+ -cosh-(- 

1 1? 



Str.S^J\x"'{pi)Y-ip2)) 

r + 6^^6: - 6mnS'^ - 5:,5t,) ir (pi)^"(p2)) 
C5^)ir(pi)^"(p2)) 



T-matrix in S't/(2)4 form 
Boson-Boson 

1 



Sinh^ (^S^ft^eab^^' |Cc^(Pl)Crf^(P2)) + eaSe^'^^f |X7c(Pi)Xm(P2) 



T 



T 



Zcia{Pl)Zpj}{p2)) = 



Yaa{pi)Zgg{p2) 



4 sinh i} 



-2 sinh-^ 



+ sinh ^ (^Z^^^d/j^'' |X7c(Pi)x^.i(P2)) + e„0e''%5i 



^Z^Pli + cosh I? {5Z5f,6i5j + 5i5}Sisl)] \Z,^{p,)Z,^{p2)) 



^^^''^'1 4sinhi? 
Fermion-Fermion 

T Cad(pi)Cb/3(P2) 



cosh 



T 



T 



Xad(Pl)X/36(P2)) = 



4 sinh 



1 



Cad(Pl)X/3(,(j32) 

Boson- Fermion 

T i;d(Pl)C6/3(P2) 



4 sinh I? 



1 



4 sinh a? 



- sinh - [^X^^i/' \YrAPi)Y,M)) \ZiMZss(P^) 

sinh ^ (ea/je^'^^i^f \YApr)Y^^{p2)) - 5l5le,i,e^' \Z^^{p,)Z,^{p2))) 
cosh ^ {dld'^SiSl \Y,MZ,^{p2)) + 6tS}SiSf \Z,^{p,)Y,^{p2) 



1 



4 sinh ■!? 



T 



T 



Za&{pi)Ci,$iP2) 



Yaa{Pl)X0b{P2)) = 



1 



4 sinh a? 



(sinh^ ^ S^StSisi - coshmtd^,SiSl) \YMCM) 
- cosh ^ |Cc^(Pi)i^dci(P2)) - Sinh ^ e^^e^^Ji^i |x7c(Pi)^^i(P2)) 

( - sinh^ ^ (525,^<5i<5^ + cosh^SZStsisj) \Z,4p,)C,^{p,)) 



2 

+ cosh ^ <5^<5g<52-5i |Cc^(Pi)^^^(P2)) - sinh ^ ^^^.^^^/j^'' |x7c(Pi)i^rfd(P2)) 



1 



4 sinh 



2 



sinh^ - 6:6l5i6f - cosh ^d^S'^stsf) lY^MXsM)) 



- cosh - StS}6iSf \x,c{pi)Y,M)) + sinh - <5:<5^e,^e^^ |Cc^(Pi)%(P2)) 



36 



T 



^ad(Pl)X/3fc(P2) 



1 



4sinhi9 



( 



sinh 



cosh- 5%5i5l\x^MZ,i^{p2)) 



sinh — e, 
2 



Appendix D S-matrix of massive deformation of 

geometric G/H coset sigma model 

It is of interest to compare the expanded Lagrangian and the S-matrix of the massive theory 
based on the G/H gauged WZW model fl2.9p with those of a similar massive theory based 
on the standard G/H coset model, i.e. 



S = —k d X Tt 



\ {g-'d^g - A^) {g-'d^g - A^) + iPg~'TgT 



(D.l) 



Here we use the same notation and definitions for g, A± and T as in section 2.1. This action 
is invariant under the following gauge transformations (cf. (12.101) ) 



g ^ gh , A± ^ h ^A±h + h ^d±h , h = h{x) e H 



(D.2) 



Compared to (12. 9p . this theory, however, is not integrable for /i 7^ (the Lax pair that exists 
in the classical massless coset theory does not appear to have a generalization for /i 7^ 0). 

Going through the same steps as in section 2, i.e. expanding near g = 1 using (I2.13p . (l2.2ip . 
fixing the A^ = gauge and solving the A_ -constraint for ^ (which is again the same 
{g~^d^g)tj = as in gWZW case) we end up with the following counterpart of the quartic 
Lagrangian (1^:^ (cf. also (Km .(^ 



(D.3) 



2 2 8k a+ ^ ^ 

- ^labcdX'^X'^d+X'd^X'' + -i-7o/i2X'^X,X% + 0{X') . 
24k 24k 

Here 7's are defined as in (12.361) . Using identities in Appendix |X] it is again possible to put 
this Lagrangian into a local form 

C = U+Xad.X- - ^X,X" - ^^abcdX'^X'^d+X'd.X" + -^7o/x2X»X,X% + 0(X5) . 
2 2 OK 24k 

(D.4) 

The difference between the two actions is due to the contribution of the WZ term in (12. 9p 
(other terms in the two actions are the same in the Aj^ = gauge). From (1D.4P we get the 
following T-matrix defined in (12.370 . (12.450 



70 {SabS^' + + 6^6^) - 2^ J'' + 27; 



12 sinht? 

+ 2(7„,^^ + 27A' + 7.V)cosh^" 



d c 
b 



(D.5) 



which is similar to the gWZW result (12.470 . 
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For example, if we consider GjH = SO{N)/ SO{N — 1) = ^ embedded into F 
SO{N + 1) then using the identities in section 12.51 (ID.Sp simphfies to (here a,b,c,d 
1 N-1) 



T:t (^) 



4 sinh § 



1 + 2 cosh 6abS^'^ - 5l5t + (1 - 2 cosh d^J, 



(D.6) 



In the case where N = 3 this expression can be rederived by starting with (ID.ip and fixing 
the H = 5*0(2) symmetry (lD.2p by a gauge condition on g (here Ti, T2 are generators of the 
coset defined in sections 12.11 and 12. 5p 



g = e 

Then integrating out A± gives 



Z1T1+Z2T2 



C = -d+pd^p + sin^ - d+ud^u + 2u^ cos 
2 ^'^ 2 + 72 



(D.7) 



(D.8) 



Expanding this Lagrangian to quartic order in if or in "cartesian" coordinates Za = (^1,-22) 

we get (cf. (^im.(^im) 

C = U+Zad.z'' - ^ZaZ'' - ^{dacSbd ' dadSbc) z' d+z' d. z"" + ^ZaZ'^Z^z' + 0{z') , (D.9) 

and this again leads to (lD.6p . 

In the N = 5 case the field X" in flD.4l) transforms in the vector representation of H = 
5*0(4). As this vector representation is equivalent to the bi-fundamental representation of 
SU{2) X SU{2) we can rewrite flD.6p in terms of the SU{2) fundamental representation 
indices a, d as in 03.270 Then (ID. 50 becomes 



(2 cosh ^ + 1) (Sl5f,slsl + 5i5pl5l) + 2 cosh ^S%Slsl 



(D.IO) 



Comparing to 04.70 we see that due the term in the second line here we do not have the 
group factorisation of the T-matrix that we had in the gWZW case. This is a refiection of 
the fact that the theory OD.ip is not integrable. 
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